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Abstract

This article deals with the classical and Bayesian estimation in exponential power distribution
based on Type-I progressive hybrid censoring with binomial removals at each stage. Based on
the considered censoring scheme, the maximum likelihood estimates and their coverage proba-
bilities are computed by the Monte Carlo simulation technique. MCMC technique is used to ob-
tain the Bayes estimates under the informative priors. The performance of both the approaches
is evaluated in terms of their absolute bias and mean square error (MSE) as well as the width
of the confidence interval. Applicability of the suggested approach is illustrated by analysis of
a real-life dataset.
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1 Introduction

Type-I progressive hybrid censoring scheme (PHCS) was introduced by [8]. As the name,
this censoring scheme is the combination of progressive and hybrid censoring schemes. In this
censoring scheme, we terminate the experiment either failure a pre-fixed number of units or hitting
a pre-decided time point whichever comes first by removing a number of survival units from
the experiment at the time of each failure. [3], [1] and [12] estimated the parameters and drew
the inference about the parameters of different lifetime distributions under this scheme. They
assumed that the number of removals of the survival units from the experiment is fixed in advance.

There are many situations where we cannot prefix the number of removals in advanced. For
example, suppose some critical heart disease patients are kept under treatment in a hospital. At
the time of death of the first patient, some of them may leave the hospital assuming that the treat-
ment is not proper and may shift to other hospitals. Similarly, at the time of the second death,
some patients leave the hospital. The procedure of leaving the hospital may continue. In such sit-
uations, we cannot fix the number of removals. Therefore, we may treat the number of removals
of the survival units from the test at different stages as a random variable instead as fixed. So,
the number of removals can be treated as random. If we use the concept of random removals in
PHCS then the censoring is called Type-I progressive hybrid censoring with random removals.
[7] discussed the estimation for the exponential power distribution considering removals follow
the binomial distribution. [15] obtained the Bayes estimate of competing risk model and [11]
discussed the inference for a geometric-Poisson-Rayleigh distribution under Type-I PHCS with
random removals.

This motivates us to study the estimation of the parameters of other useful distribution based
on the Type-I PHCS with random removals. In this paper, we discuss the estimation of the param-
eters of the exponential power distribution (EPD) introduced by [13] which is one of very few
natural two-parameter distributions has a U-shaped hazard function and different applications in
real-life.

Iflifetime (X') of the units follows the EPD then the cumulative distribution function (CDF) Fx (z)
and probability density function (PDF) fx(x) of X are given by
Fx(z) = 1—eXp(1—e(<”’:)6)7 x>0, (1)
fx(z) = 5(5955_16((”)6 exp(l — e(c”“)é)7 x>0, (2)

where 4, ( > 0 are shape and scale parameters respectively.

The rest of the article is as follows. In Section 2, we explain the implementation of Type-I
PHCS with binomial removals. Sections 3 and 4 are devoted to theoretically derivation of the
ML and Bayes estimators under the concerned censoring scheme, respectively. In Section 5, we
conducted a simulation study for validate the results of Sections 3 and 4. Applicability of the
suggested approach is illustrated by analysis of a real-life dataset in Section 6. We summarize the
conclusions in Section 7.

2 Implementation of Type-I PHCS with Binomial Removals

Suppose n identical units whose lifetime follows EPD are put on a life-testing experiment. Also,
assume that the number of maximum units x (0 < x < n) for which we require the failure informa-
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tion and maximum time 7 up to which we can continue the experiment are pre-fixed beforehand.
At the time of the first failure, say Xi.,.,, we randomly remove R; (0 < R; < n — k) survival units
from the experiment (from the remaining n — 1 units) with the probability of removals being p. As
the second failure occurs at the time, say Xs...,, we randomly remove Ry (0 < Ry <n —k — Ry)
survival units from the experiment (from the remaining n — 2 — R; units) with the same prob-
ability p. The experiment continues in the same way until the ‘" failure occurs or the pre-fixed
time point 7, whichever comes first. Therefore, under the Type-I PHCS with binomial removals,
we terminate the experiment at the time point 7* = min(X,...,, 7). If the x*" failure comes before

k—1
7, then we remove all remaining survival units R, = n—x— Y. R; from the experiment at X,.,..,,
i=1
and we will terminate the experiment at that time. To ensure « failures, we also assume that R;
i—1
should beless thann—x— ) R;. This assumption does not change the essence of our experiment,
=1

as it is only the task to decide the number of removals. If the x*" failure does not come before 7
and only w (0 < w < k) failures occur before 7 then at that time, say X,...,, we randomly remove

w—1
R, (0 <R, <n—Kk-—Y, Ri) units with the probability of removals p and we terminate the ex-
i=1

w
periment at time point 7 by removing all survival units R, = n —w — Y, R; with probability 1 at
i=1
that time point. It is also noted that no failure has occurred between X,,.., and 7.

Based on the above Type-I PHCS with binomial removals, we shall note the two forms of data
as

L] CaSG-lI {Xlzn:n ) X2:n:n7 .o )XK,:K,:TL} 1f T 2 XK,:K,:’!L'

L] Case'2: {Xlzn:n ) X2:n:na O ;Xw:m:n} lf T < XH:N!R and Xw:n':n <7< Xw+1:f€!n'

It is observed that if 7* = 7 then Type-1 PHCS converts in simple progressive Type-I scheme and
if 7 = X,.....n, then it converts into the simple progressive Type-II.

Here, we remove the units with constant probability and independently, therefore, we can let
i1
that R; follows a binomial distribution with parameter (n—x— > r;) and p, wherei = 1,2,...,k—1
j=1
when7 > X, ...,andi=1,2,...,w when 7 < X,...n.

3 Maximum Likelihood Estimation

Let n identical units whose lifetime follows EPD be put on a life testing experiment. Also, let
Xiwn < Xowen < ..o < Xy be the lifetimes of the units under Type-I1 PHCS with binomial
removals (n, k, Ry, R, ..., R,), where

J— K (O < K < n’) Z.fT 2 XK/:KZTL
Tl w0 <w<k) ifT < Xprm

The joint likelihood function of § and ¢ given X = (X1.xn, X2:k:ms ., Xvis:n) can be written as

L (5,¢lz.r) = O T fx @ionen) [1 = Fx (2iogen)]” [1 = Fx ()] 3)

i=1
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Since at the time of the " failure or time point 7, we remove all survival units from the experiment
with probability one, therefore,

P[RK = 7"K|R,{_1 = TK_17....,R1 = 7"1] =1= P[R:} = TZ‘RW = Tw;Rw—l =Tw—1,
Thus, the joint PDF of R = (R, Ra,

R. Kishan and P. K. Sangal

where

K 1—1
H n— (rj + 1) y T 2 XKAHZ’I’L?
. )i=1 =1
¢ = w 4
H n-— Z (rj + 1) ;0 T< Xn:n:n,
i=1 j=1
0 ; T2 Xn:n:n,
Ty = el
n—w— ZRl i T < Xeiwne
i=1

get L (6,Clz,r) as

After putting the values of Fx (z) and fx (z) from Equations (1) and (2) in Equation (3), we can

— (*RSV VO - d— (CZiiin)®  (Cxinn)? ri+1 ey T;;.
b(oder) = Lot et fom (-0 ) s (1) o

The PDF of R at each stage is written as

P[Rlzrl]:(”_"

and fori=2,3,....,k — 1,

P[R; =7ri|Ri—1 =71,

i—1
n—K-— T _
""Rl = ’["1} = _];1 J pT1
ri
n—r@—zi: T i—1
x(1—p) J=1 ;ri:O,l,Z,...,nfanrj.
j=1
Similarly,
w—1
n—~kK— T
P[Rw—Tw‘Rw 1 =Tw—1, 7R1:r1]_ ];1 J pTu
Tw
n—m—i T w—1
c1-p) =012 k= Y,

..., R,) can be obtained as

P[Rl = T1]P[R2 = T2|R1 = 7’1] X
P [R _ T| ] _ xP [R’i—l = TH—1|R1€—2 =Tk—-2, -"7R1 = Tl] 3T 2 Xn:n:n,
ST HR = P[Rlzrl]P[RQZTﬂRl:T'l]X

XP[Rw = Tw|Rw71 =Tw-1, -7R1 = Tl]

; T < XNZI‘&ITL‘

> prr(l—p)" " s =0,1,2,...,n — R,
1

Ry

7'1] .

(8)
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From Equations (5), (6), (7) and (8), we get the joint PDF of the number of removals units (R) at
each stage as

k=1 k=1
ek PRV (k=1)(n—r)= > (k—J5)r;
N(_l )! — p_]:l (1 _ p) j=1 ;
(n,,{, > rj> VTT ry!
j=1 j=1
> e
P [R:r|p} - ) 72 Xns )
~ ~ Y E rj w(n—m)—z (w+1—7)r;
— p=t (I-p = ;
<n—n—z rj> ! H r!
j=1 j=1
T < Xiiwn-

Also, assume that X;.,.,,’s do not depend on R;’s. Therefore, the joint likelihood function of §, ¢
and p can be obtained as

L (8,¢,pla,r) = C** Ly (6,¢|z,1) % La (plr)

where C** is a constant and

Ll ((5, C|9U7 7") _ 5y<1/5 H xlen e(CHﬁi:mn)& {exp (1 _ e(cﬂfi:m:n)&)}
=1

ri+1

X {exp (1 - e(CT*)5> }TV. (10)
k-1 k—1
> (k=) (n—r)— 3 (5—)r;
Lo (p|r) = P (1 _p) =t T 2 Xk (11)
~ 2Ty w(n—r)= 3 (w+l—j)r;
Pt (1 _p) =t ;T < Xm:m:n-

Here, we observe that Ly (6,¢|z,r) is independent of p and L (p|r) is independent of § and ¢.
Therefore, we can find the MLEs of (4, () and p from Equations (10) and (11) respectively. The
log-likelihood functions of Equations (10) and (11) can be written as

log Ll = IOg Ll (57 <|:£7/7:) = I/lOg (5) + 1/510g (C) + (5 - 1) Zlog (mi:n:n)
i=1

+ 2”: (CZiinen)” + ZV: (ri+1) (1 - e(Crm:n)5> +urk (1 — e((r*)‘s) ) (12)
i=1 i=1

K

(k=D (n-r) =3 (Hj)rj]

J

Kk—1
'21 rjlog(p) +
j=

—1
=1
xlog (1 —=p);7 > X,

log Ly =log Lo (p|z) = (13)

w

w(n—kK)— (w—i—l—j)rj]

> 715 (p) +
p
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To determine the ML estimators of §, ( and p, we partially differentiate log L; with respect § and ¢

and log Lo with respect to p and then equalize them to zero. We observe

0 . - s
85 1Og Ll =0= - 5 + VlOg ) + Z IOg (xi:n:n) + z_: (Cxizn:n) IOg (Cxi:n':n)

) 5
- Z sz K n)ée(cl“mn) lOg (C(Ei:mn)

(s )6€(<T )6log (¢r*)=0

vd § & ,
IOg Ll =0=—+ - Z Cl’z K: n)6 - = Z (Ti + 1)(<Ii;,§;n)6€(<z““:")6
ac ¢ ¢ ¢ L
) .
_ sy lele ’ =0.
¢
T e Deme=S ()
L - Lo = 0; > Xn'n'n’
2longz()é P {1=») P T = R
9p Yori wn=m)= 3 (wl=i)r;
- '(1_1,) =0; 7 <Xk

(14)

(15)

(16)

The normal Equations (14) and (15) are non-linear so we cannot find the ML estimators of  and ¢
in closed form. Therefore, we use numerical techniques such as Newton-Raphson, Nelder-Mead,
etc. to solve them. However, the normal Equation (16) is linear and we can find the ML estimator

of p as
K—1
2T
e T > Xiiwn,s
N R RO R SR EY
p= o =
poge
=L1u ’T < XK/CKLZ’I'L'
w(n=r)= 53 (@)

(17)

To check if there exist a maxima at a point (do, o, po), we use second derivative test. According
to this test, there exist maxima if leading principal minors D; < 0, D2 > 0 and D3 < 0 of hessian

matrix H where H is defined as

8% log L 8% log L 8% log L

052 05 0C d30p
b= 8%log L 82 log L 9%log L
- ¢ 95 aC2 9¢op ’
8% log L 9% log L 8% log L
9pos dpdC op?
and
0? log L v - ) 2 - ; s 0
052 = 52 + Z (Cxi:m:n) {log (Cxwin)} - Z (Ti =+ 1) e(CTinin) (Cxi:mn)
i=1 i=1

{14 (Cien)” | {108 (G} = e (¢ {14 (7))
x {log (¢7)},
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9 log L 5§ 0 -1) <
Tzf - _% + (§2) Z (Civim B CQ Z [ i+ e(ClEL " n) (Cirz':k;:n)(S
i=1

X {(5 -1+ (5((3:2»:&:”)5}} _ %T* ¢ )J(CT*) {5 —14 (5((7*)6} )

r—1 K—1
Z T (k=1)(n—kK)— Z (k=J)r;
2 Jj=1 j=1 .
0 lOgL _ _W P2 - j (1—p)2 3T Z X/-c:m:na
op* S wlnem)= X (@i
]7;02 - (;17_1))2 T < Xn:/i:'ru

GQIOgL_8210gL_V 1< s

—% 3 (4 1) e G’ |1+ 0108 (Crionin) {1 + (Criznn)” }
i=1
—erie ) L atog (¢r) {1+ (¢}

d*log L  0%log L  9%log L  0%log L

960p  opds  9Cdp  opdc =0

3.1 Fisher Information and Asymptotic Confidence Interval (ACI)

The exact distributions of the suggested ML estimators do not accessible in some known stan-
dard forms. Therefore, to obtain CIs for 6,  and p, we use the asymptotic distribution theory of ML

estimators. Within the regularity criteria, the ML estimator (5 e ﬁ) is asymptotically normally
distributed with mean (4, ¢, p) and variance-covariance matrix A which is given by

Ass  Ase Asp
A= A Aee Ay |,
Ap5 APC App

where As, = Aps = A¢ep = Ape = 0 because p does not depend on § and ¢ . We can find A with the
help of observed Fisher information which is given by

_ 8% log L 82 log L 82 log L
2862 285 ¢ 2868;7
_ 0°log L 07 log L 07 log L
Io(5a<7p) - - 0C 06 0(2 dCop . (18>
_ 8% log L _ 8% log L 82 log L
Opdd Opd¢ Op?

Therefore, the variance-covariance matrix A can be obtained using Fisher information as

A=1,"(6,¢p).
Therefore, we get
0 5
C ~ N C 9 Io_l (67 Cap) . (19)
p p
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Since A = I,7! (0, ¢, p) contains the unknown parameters 4, ¢, and p so we use the corresponding
ML estimates (5 e ]3) of the parameters (4, ¢, p) to obtain the estimate of A. Thus, the 100(1—)%
AClISs for 0, ¢, and p are obtained as

oL, U]l = @ £ 2y 21/ ANpgp, (20)
where ¢ stands for d, ¢ or p and 2/, is such that
1

e P2y = .
2y V2T

The coverage probabilities of 4, ¢, and j can be estimated as in [9]

1%

Y-y

4 Bayesian Estimation

Our focus in this segment is to get the Bayes estimators with the Bayesian credible intervals of
d, ¢ and p based on Type-I PHCS with binomial removals. The Bayesian principle suggests that a
parameter can be viewed as a random variable rather than a fixed constant as seen in the classical
approach. In this approach, the observed sample information is used to enhance prior knowledge
about a parameter in terms of the posterior density.

4.1 Prior and Posterior Distributions

We let that §, ( and p be independently distributed and § and ¢ have gamma prior distributions
whereas the removal probability p has prior knowledge in the form of a conjugate beta first kind
independent to ¢ and ¢. The density functions of these priors are given below

g1 (5) = 'Ba%e_ﬁl&(sal_l; 6>0,a,p >0, (22)

g2 () = %eiﬁz%arl; ¢ >0, az, B2 >0, (23)

1 -1 B-1
-1 - ; 1 24
93(p) B(OQﬁ)p ( p) 70<p< ’ aaﬁ>07 ( )
where a4, 81, ag, B2 and «, § are called hyperparameters and we choose these in such a manner
that they reflect prior knowledge about §, ¢ and p, respectively.

Since 0, ¢ and p are independent to each other so the joint prior PDF of (4, ¢, p) can be obtained
from Equations (22) to (24) as

9(6,¢,p) = 91(6) 92 (¢) g3 (P)

1 al a2 1
_ 1 2 50171Ca271 efﬂléeff;?g(pafl(l . p)ﬁ* :

- B(af) far foz

0,(>0,0<p<1. (25)
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Using the Bayes theorem, we can obtain the joint posterior PDF of (4, (,p) as
L(6.¢plz,r)9(8,¢,p)

L(6,¢,p|z.r)g(6,¢,p)dpd(ds

™ (6,¢,plz,r) = (26)

I

o9
Ct—

By substituting the values of L (6, ¢, p
tively into Equation (26), we get

T,7 ) and g (4, ¢, p) given in Equations (9) and (22) respec-

K
ﬂ.*(& C’p‘f’z) — C;l(sfi-FOll—l N\Fo+az—1 Hx?:;:lne(cxi:mn)é—/315—[32C

i=1

=1
(ri+1) at+ > rj—1
% {eXp (1 _ e(CIi:H,;n)5>} p 9=

ko1
B+(k—1)(n—kK)— gl (k=j)r;—1

<(1=p) 0 7> Xwons (27)
where
Srtai—1 \rétas—1 ﬁ $6_1 6(<ziiﬁ=")5_ﬁl5—ﬁ2C
0o oo 1 Z:1 1T:RNn
(ri+1) o¢+ni1 i—1
== 5 T ri—
= /// X{exp (1 — e(czi*ﬁ")é)} p =1 dpdXdo.
0 0 0 [
B4+(k—1)(n—k)— Z (k=j)ri—1
X (1 — p) Jj=1
w xé_l e((xi:n:n)é—ﬁlé—ﬁgc
T 6a ,P|T,T) = 0—15w+(11—1 AW5+Q2_1 v (ri+1)
o L N) ’ ;I;[l X{exp (1 — e(Cﬂﬁi;mn)é)}
7’; a+ Zw: T’j*l
X {exp (1 — 6(47)5)} p 9=t
Btw(n—r)— 3 (wtl-j)r;—1
x(1—p) =t T < Xpirins
where

N swta;—1 ywd+tas—1
) A

o [ Bt o)t i6-ac

x (ri+1)

T il;ll X{exp (1 — 6(<mi:n:n)5)}

C2 = / / / & dpdda.
rroat+ > ri—1

000 X{exp (1 — 6(47)6)} p =1

Brw(n—r)— 3 (wHl—j)rj—1
j=1

x(1—p)

The C; and C; cannot be solved analytically due to multi-dimensional parametric spaces, so we
cannot obtain the Bayes estimators of §, { and p in explicit form. To overcome this difficulty, we
generate sample observations from the posterior distribution using the MCMC methodology and
then use these generated observations to compute the Bayes estimates of J, ¢ and p under the
squared error loss functions (SELF) [4].

Here, we consider the Gibbs sampling of the MCMC technique given by [5]. In the Gibbs
sampling technique, we use a conditional posterior distribution of a parameter to generate random
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observations. So first we find the conditional posterior PDF of each parameter. We can write the
conditional posterior PDF of § given ¢, p and data as

Jrtar— 1 Cms H 1, CI’Lnn) 53,5
i=1
{exp (1 — e(CIi;m:n) )}(Ti‘f-l);’r > Xﬁ:n:n;o << 00,
71'>1k (5’@17’:{’1) X Jwtar— 1 Cw& H 1. Czihn) —B16 (28)
i=1
e (1 e ) (1)
T < Xgpinn, 0 < d < 0.

Similarly, the conditional posterior PDF of ¢ given J, p and data can be written as

K < Tikin o
¢rotaz=1 I le((x'i:n:n)o_ﬂ2< exp { (1 — el ) ) }] ;
i=1

X (Ti + 1)
T Z XK):KI:”L k) O < C < OO7
) S _g.
75 (Clo.poz,r) o | et (29)
T <w6+a271 H 1— e(CJEi:mn)é) (Tz’ + 1) :

i=1 X exp
+ (1 - 6(47—)6) ry

T < Xpiwm , 0 < < 00.

Similarly, the conditional posterior PDF of p given §, ¢ and data can be expressed as

a3 11 Bt (r—1)(n—r)— 5 (k=g -1
p J=t (1 _p) =t ;
* > XK,ZK}I"L7O < < 17
T (p ) o " WT = p (30)
at 3 ry-1 Bw(n—r) 3 (w+1-j)r;—1
p 7! (1-p =t ;

T < Xgewn, 0 < p <1,

From Equation (30), we observe that 73 (p |5, Ny ) follows a Beta distribution of first kind with
parameters

k—1 k—1
O{ —O[+Z7’J7B —B‘F(ﬁ_l)(n_’{) (K_.j)rj ;ifTZXn:n:na
J=1 j=1
w
_a+ZT]7B**_/B+w n—K) Zw—FI—J g i T < Xyonin-
Jj=1 j=1

Therefore, we can generate observations from 73 (p z,r ) using the standard random genera-
tion method. However, 7} (6 |¢,p, z,7) and 73 (¢|6,p, z, 1) are not in standard form so we use the
Metropolis-Hastings (M-H) algorithm ([6]) to generate the observations. Since the plots of the
conditional posterior PDFs of § and ¢ are similar to the normal distribution, therefore, we consider
normal proposal distribution for both § and ¢ for the M-H algorithm.

4.2 Bayesian Credible Interval (BCI)

The credible interval is a central portion of the posterior distribution that contains a particular
percentage of the probable value of a parameter. For computing BCI, we use the algorithm given
by [2] which is mentioned in points 8 and 9 of the Gibbs algorithm.
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4.3 Gibbs Algorithm

To compute the Bayes estimates and BCls of 4, ¢, and p , we proceed as:

1. Set the initial values (59, ¢(©, p(®).
2. Generate §(!) from Equation (28) using the M-H algorithm by taking ¢ = ¢(%.
3. Generate (V) from Equation (29) using the M-H algorithm by taking § = (V).

4. Generate p(!) from Equation (30) using a standard random generation method from Beta
first kind.

5. Repeat steps from 2 to 4, N times and note the sequence of (4, ¢, p).

6. To eliminate the impact of starting values, take burn-in of first K iterations and get the se-
quence of the parameters (6§(), (), p) ;i =K +1,K +2,...,N.

7. The Bayes estimates ¢*, (* and p* of §, ¢ and p under SELF are obtained as

where ¢ stands for §, ¢ or p.

d(ny, where (1), Bk +2), -, B(n) denote the ordered observations of K+ p(K+2) - ¢(N),

8. For Bayesian credible interval, consider the ordered observations as ¢(x41) < ¢(g42) < ... <

9. Calculate 100 (1 — /) % credible interval for the parameters ¢, ¢ and p as

(Sc5)v-s0): B0 ) v -

where [t] indicates an integral part of ¢.

5 Simulation Study

In this segment, we performed a simulation study to evaluate the effectiveness of the estima-
tors because the ML and Bayes estimators are not in closed form. Without loss of generality, a
simulation study is performed for §=2 and (=0.5 and different removals probabilities; p= 0.25,
0.50, 0.75, sample size; n = 30, different effective sample sizes, x = 9, 18, 27 and different termi-
nation times; 7=1.5, 3. We choose « in such a way that it yields 70%, 50% and 10% censored data
when the time restrictions are lacking. Also, we choose the termination time 7 that it ensures
nearly 70% and 10% censored data when the failure restrictions are lacking. The performance of
the proposed estimators is compared according to their absolute biases and MSEs based on Type-I
PH censored data. Also, we obtain the confidence intervals with coverage probability and BClIs
for the parameters.

We use the Monte Carlo simulation technique to get the ML estimates of §,  and p and generate

N=5,000 samples for each combination under Type-I PH censored data. Then we find ML esti-
mate, absolute bias (AB) and MSE for each generated sample and then take the average of these
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corresponding ML estimates as well as MSEs to find the final ML estimate and MSE, respectively
of the parameters i.e.

=|

1 & 1
sa:ﬁ;@i, AB () = ;l@—ﬂ
and
| X
MSE(@)ZN;(%'—@)27
where ¢ stands for §, ( or p .

We calculate AB of ML estimates along with their MSEs and given in Table 1. Also, we find
the average width of 95% confidence interval (CI) with coverage probabilities (CP) for §, { and p
in the same table. For test their exist maxima, we calculate leading principle minors Dy, D, and
D5 for each combination in Table 1.

For simulation study of the Bayes estimators, we select hyperparameters of the prior distri-
butions of §, ¢ and p in a manner that the mean of prior distributions equal to the true value of
the related parameters i.e. we take 6 = a1/01, ( = aa/B2 and p = a/ (o + 8) and they produce
informative priors. We repeat the Gibbs algorithm N = 10,000 iterations with 2,000 iterations as
burn-in. We calculate Bayes estimates of , ¢ and p with their corresponding risk for each param-
eters combination and given in Table 2. All the computational work is done in R studio 1.3.959

([14]).
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From Table 1, we observe that D; < 0, Dy > 0 and D3 < 0 for all combinations so we conclude
that there exist maxima at each combination.

Table 2: Comparative study of the performance of Bayes estimators of the parameters with their ABs and MSEs and average BCI widths.

Shape parameter (¢) Scale parameter (() Binomial parameter (p)
’ b AB MSE  BCI (width) AB MSE  BCI (width) AB MSE  BCI (width)
9 0.0214 0.2044 1.4825 -0.0252  0.0107 0.1820 0.0049 0.0026 0.1959
025 18 -0.0152 0.1659 1.3417 -0.0225 0.0057 0.1395 0.0144 0.0055 0.2515
27 -0.0105 0.1624 1.2870 -0.0206 0.0044 0.1177 0.0474 0.0208 0.4759
9 -0.0309 0.1927 1.4583 -0.0350 0.0112 0.1866 0.0106  0.0058 0.2928
15 050 18 -0.0184 0.1856 1.3717 -0.0295 0.0070 0.1403 0.0117  0.0098 0.3716
27 -0.0107 0.1837 1.2862 -0.0183 0.0046 0.1158 0.0371 0.0257 0.6154
9 -0.0645 0.1906 1.4597 -0.0441 0.0125 0.1836 0.0094 0.0063 0.2951
075 18 -0.0064 0.1841 1.3935 -0.0256  0.0065 0.1368 0.0134  0.0097 0.3667
27 -0.0041 0.1600 1.2628 -0.0234 0.0052 0.1171 0.0347  0.0268 0.5412
9 01049 0.2220 1.4007 0.0040  0.0066 0.1309 0.0037 0.0027 0.1925
025 18 0.0709 0.1247 0.9931 0.0037 0.0017 0.0438 0.0188 0.0056 0.2498

27 0.0391 0.0934 0.8675 0.0034 0.0010 0.0377 0.0673  0.0282 0.4885

9 00727 0.1742 1.2044 0.0057  0.0040 0.0759 0.0090 0.0056 0.2908

3.0 050 18 0.0436 0.1192 0.9856 0.0022  0.0014 0.0423 0.0189  0.0098 0.3733
27 0.0226  0.0896 0.8608 0.0021  0.0009 0.0379 0.0370  0.0253 0.6168

9 0.0641 01772 1.2113 0.0052  0.0039 0.0639 0.0070  0.0058 0.2955

075 18 0.0614 0.1292 1.0185 0.0043  0.0016 0.0420 0.0150 0.0108 0.3636

27 0.0526 0.1044 0.8877 0.0036  0.0010 0.0376 0.0377  0.0263 0.5391

6 Real-life Data Analysis

In this portion, a real-life dataset is considered to illustrate the applicability of the suggested
approach to the real-life phenomena. The dataset is taken from [10]. The dataset represents the
time (in weeks) to tumour appearance in the rats.

Table 3: The dataset represents the time (in weeks) to tumour appearance in the rats.

49 88 96 104 77 96 70 89 39 50 103 67 68 40 81
64 8 55 34 54 103 73 84 71 102 80 45 94 101 84
78 80 81 72 73 66 92 102 8 103 75 79

We checked the validity of exponential power distribution with five other well-known lifetime
models: 1. The Exponentiated Weibull, 2. Exponentiated Exponential, 3. Generalized Rayleigh,
4. Generalized Power Weibull and 5. Generalized inverted exponential. To test which model
suits the dataset best, we use goodness-of-fit criterion: the log-likelihood function, Akaike’s infor-
mation criterion (AIC), Bayesian information criterion (BIC) as well as goodness-of-fit statistics:
Kolmogorov-Smirnov (K-S), Cramer-Von Mises (C-V M) and Anderson-Darling (A-D) statistics.
We obtained the values of all using the dataset in Table 4.
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Table 4: ML estimates of the parameters and values of goodness-of-fit criteria and statistics of various fitted models based on time to tumour

appearance dataset.

Fitted Distribution — 1 2o0mateS o fikelihood ~AIC  BIC KS CVM AD
Shape  Scale

EPD 377 001 180.84* 365.69* 369.16* 0.09* 0.04* 0.39*

1 103110 0.46 192.16 38832 39179 017 035  2.03

2 2645 005 188.93 381.87 38534 015 024 148

3 435  0.02 185.60 37521 37868 0.11 014 094

4 321 0.06 269.66 54332 54679 061 457 2072

5 66.19 34530 185.71 37541 37889 010 014 106

* indicates the minimum value.

From Table 4, we observe that the values of all measures corresponding to the EPD in com-
parison to other fitted models are minimised which indicate that the EPD is the best fit for the
considered dataset among all considered well-known distribution.

6.1 Estimation of the Parameters Under Type-I PHCS with Binomial Removals Based on the

Real-life Dataset

We generate samples from the considered dataset under the proposed method for various com-
binations of the removals probability; p=0.25, 0.50, 0.75, effective sample size; k=38%, 57%, 76%
of the sample sizes, sampling schemes and termination time 7=75, 105 and shown in Table 5.
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Table 5: Censored samples taken from the tumour appearance rat dataset under Type-I PHCS with binomial removals.

(k=16,p=0.25,1=75)
34 39 40 50 55 64 66 68 70 72
(k =24,p=0.25,7=75)
34 39 40 45 54 55 64 67 68 71 73 73
(k=32,p=0.25,1=75)
34 39 40 45 50 54 64 67 68 70 71 72 73 73
(k =16,p=0.50, T = 75)
34 39 40 45 49 50 71 73
(k=24,p=0.50,7=75)
34 39 40 45 49 54 55 64 66 70 71 73
(k=32,p=0.50, 7 =75)
34 39 40 49 50 64 66 68 70 72 73
(k=16,p=0.75,17 =75)

34 45 50 67 70

(k=24,p=0.75,7=75)
34 39 45 49 64 66 67 68 71 72 73
(k=32,p=0.75,1=75)
34 39 40 49 50 54 55 64 66 67 68 71 73 73
(k =16, p=0.25, 7 =105)
34 39 40 50 66 67 71 73 73 77 80 80 81 8 89 102
(k= 24, p =025, 7 = 105)
34 39 40 50 54 64 67 68 70 71 72 73 75 77 78 80
84 88 8 8 94 96 102 102
(k =32,p=0.251=105)

34 39 40 49 54 55 64 66 67 68 70 71 72 73 73 77
79 80 8 81 8 8 8 8 8 8 94 96 96 101 102 102
(k =16, p =0.50, 7 = 105)

34 39 40 49 64 72 73 73 8 81 88 96 102 102 103 104
(k= 24, p = 050, 7 = 105)

34 45 49 54 55 64 66 67 70 73 78 79 80 81 84 86

89 8 92 94 96 101 102 104
(k =32,p=050, 7 =105)

34 39 40 45 49 55 64 66 67 68 70 71 73 73 75 77
79 80 8 8 81 8 8 8 92 94 96 96 101 102 102 104
(k=16,p=0.75,7 = 105)

34 39 50 54 55 67 72 75 8 8 8 8 92 96 102 103
(k= 24, p =075, ~ = 105)

34 39 4 50 72 73 73 75 80 8 81 84 84 8 8 92

94 96 101 102 103 103 103 104

(k=32,p=0.751=105)
34 39 40 45 49 50 54 55 66 67 70 71 72 73 73 78
79 80 8 8 81 8 8 92 94 96 102 102 103 103 103 104
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Table 7: Bayes and BCI estimates of the parameters based on the tumour appearance dataset for different choices of p, x, and 7.

Shape parameter () Scale parameter (¢) Binomial parameter (p)
T P Bayes estimate SE BCI (width) Bayes estimate SE BCI (width) Bayes estimate SE BCI (width)

16 3.6544 0.0358 0.1702 0.0103 0.0008 0.0033 0.2563 0.0446 0.1742

025 24 3.5522 0.0337 0.1675 0.0102 0.0008 0.0029 0.2607 0.0529 0.2062

32 3.6989 0.0291 0.1460 0.0103 0.0007 0.0026 0.2657 0.0705 0.2739

16 3.6587 0.0339 0.1685 0.0101 0.0009 0.0036 0.5063 0.0685 0.2672

75 05 24 3.5724 0.0332 0.1593 0.0101 0.0008 0.0031 0.5148 0.0817 0.3182
32 3.5848 0.0323 0.1568 0.0102 0.0007 0.0027 0.5294 0.1077 0.4160

16 3.6294 0.0334 0.1658 0.0101 0.0009 0.0037 0.7572 0.0704 0.2729

0.75 24 3.7522 0.0346 0.1723 0.0104 0.0008 0.0030 0.7588 0.0824 0.3179

32 3.6526 0.0296 0.1633 0.0103 0.0007 0.0026 0.7671 0.1012 0.3853

16 3.5747 0.0289 0.1423 0.0102 0.0005 0.0020 0.2578 0.0433 0.1693

025 24 3.6760 0.0241 0.1174 0.0105 0.0004 0.0015 0.2590 0.0518 0.2019

32 3.6928 0.0233 0.1122 0.0105 0.0003 0.0013 0.2635 0.0700 0.2720

16 3.6973 0.0271 0.1384 0.0105 0.0005 0.0019 0.2657 0.0705 0.2739

105 05 24 3.7183 0.0237 0.1204 0.0105 0.0004 0.0015 0.5113 0.0815 0.3170
32 3.6933 0.0213 0.1065 0.0105 0.0003 0.0013 0.5260 0.1071 0.4140

16 3.8685 0.0271 0.1357 0.0105 0.0004 0.0018 0.7576 0.0702 0.2722

075 24 3.7696 0.0236 0.1103 0.0105 0.0004 0.0014 0.7626 0.0817 0.3151

32 3.6341 0.0240 0.1125 0.0105 0.0003 0.0013 0.7645 0.1025 0.3904

Based on the censored samples obtained from the dataset, given in Table 5, we obtained ML
and Bayes estimates of §, ¢ and p which are given in Table 6 and 7 respectively. For Bayesian
estimation, we considered non-informative priors.
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Figure 1: Top left: histogram and posterior density plot; Top right: time series plot (b) Bottom left: cumulative plot; Bottom right: ACF plot
of the shape parameter (&) based on the sampled value after burn-in of the tumour appearance rat dataset.
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Figure 2: Top left: histogram and posterior density plot; Top right: time series plot (b) Bottom left: cumulative plot; Bottom right: ACF plot
of the scale parameter (¢) based on the sampled value after burn-in of the tumour appearance rat dataset.
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Figure 3: Top left: histogram and posterior density plot; Top right: time series plot (b) Bottom left: cumulative plot; Bottom right: ACF plot
(bottom right) of the Binomial removal parameter (p) based on the sampled value after burn-in of the tumour appearance rat dataset.

From Figures 1-3, we observed that

e The histogram plots approximate the posterior distribution of the corresponding parameters
and the posterior distributions of parameters ¢ and p are slightly right-skewed whereas for
the parameter ( it is left-skewed.

e The plots of time series exhibit good mixing of the Gibbs sampler.
e The cumulative plots show steady convergence to the Bayesian point estimate.

e The ACF plots display the decreasing autocorrelations with lags over 20.

7 Conclusions

In this paper, we discussed the estimation in exponential power distribution under the Type-I
progressive hybrid censoring with binomial removals. We carried out the classical and Bayesian
approaches to estimate the unknown parameters with applications of the present work in real-life.
The effectiveness of both approaches is evaluated in terms of their ABs and MSEs. Based on the
analysis, we draw the following conclusions:

1. As we increase by keeping n, p and 7 fixed, we observe that the ABs and MSEs of the
ML and Bayes estimators decrease for all combinations. Also, we observed the same phe-
nomenon in the comparative study of the average widths of confidence intervals and the
BClIs while the coverage probabilities converge to the nominal value. This can be happened
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due to the fact in this censoring scheme as « increases some additional information is gath-
ered.This suggests that effective sample size has a major role to play in determining the
efficiency of the estimators.

. As we increase 7 by keeping n, p and « fixed then we observe the similar results as in case of

increasing . Itis attributed as censorship time raises the amount observed failures increases
too. This indicates that the performance of the estimators improves as the termination time
increases.

. As we increase p by keeping n, 7 and « fixed, we get a reverse trend, that is, ABs and MSEs

of the estimators increase. Similarly, the widths of both interval estimates increase whereas
the coverage probabilities decrease. This can be happened due to the fact as we increase p, a
majority of the experimental units are withdrawn from the experiment at the early phases.

. When we compare the ML estimators with the corresponding Bayes estimators, we observe

that the estimates obtained through Bayesian approach are far near to the actual value of
the parameters than the classical approach. We observe the same phenomenon in the com-
parative study of confidence interval and Bayesian confidence interval, that is, the average
width of the BCI is shorter than the corresponding confidence interval average width. This
indicates that prior information about the parameters improves the estimates’ efficiency.

. The MLs and Bayes estimates obtained from the Type-I progressively hybrid censored sam-

ples under binomial removals taken from the considered dataset show the same results as
we have observed from the simulation study.

Finally, we conclude that the suggested approach may apply to the physicians, doctors, engineers
and others where this form of life-testing is required.
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